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Introduction: collective modes and interaction

Isovector channel of interaction ⇒Symmetry energy inEquation of State (EOS)
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A
(ρ, β = 0) + S(ρ)β2 S(ρ) = J + L

(
ρ− ρ0
3ρ0

)
+ . . . β ≡

ρn − ρp
ρ

Collective phenomena in many-body systems ⇒ properties of interaction

Probing collective nuclear response ⇒ Heavy-Ion (HI) collisions

Dipole excitations in neutron-rich nuclei:

Giant Dipole Resonance (GDR)

Pygmy Dipole Resonance (PDR)

[S. Burrello et al., arXiV:1807.10118, (2018).]
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Spin-�ip and isospin-�ip transitions

Charge-exchange (CEX) reactions: nuclei keep mass constant but change charge

Contribution of various mechanisms:

multi-step transfers via intermediate states (sequential pick-up/stripping processes)

direct conversion of nucleon (N) (through meson exchange)

a
za +A

Z A→a
z±1 b +A

Z∓1 B
Fermi (F) and Gamow-Teller (GT) transitions

VNN =
∑
S,T

[
V c
ST (σ1 · σ2)S + V t

1TS12
]

(τ1 · τ2)T

Monopole ⇒ analogy to GT of β-decay
Light ions ⇒

(
dσ
dΩ

)
θ=0
∝ B(GT )β

[Taddeucci T.N. et al., Nucl. Phys. A469, 125 (1987)]

Heavy ions ⇒ complex many-body nature
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et al.,
PPNP 66
(2011)]
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Single CEX (SCEX) reactions with heavy ions

Direct reaction ⇒ Distorted Wave Born Approximation (DWBA)

Single CEX A(a, b)B cross section (c.s.) (α ≡ initial, β ≡ �nal, Ĵ ≡
√
2J + 1)

dσ

dΩ
=

EαEβ

(2π~2)2
kβ

kα

1

Ĵa
2
ĴA

2

∑
ma,mA∈α
mb,mB∈β

∣∣Mαβ

∣∣2 , Mαβ(kα, kβ) =
∑
S,T

∫
d3pK(ST )

αβ (p)Nαβ(kα, kβ , p)

K(ST )
αβ ⇒ Structure part Nαβ ⇒ Reaction part

Distortion factor Nαβ = δ
(
p− (kα − kβ)

)
= δ
(
p− qαβ

)
⇒ Plane Wave (PWBA)

Factorization at low qαβ ⇒ β-decay
Nuclear Matrix Elements (NME)

[Lenske H. et al., Phys. Rev. C (2018), submitted]
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ĴA

2

∑
ma,mA∈α
mb,mB∈β

∣∣Mαβ

∣∣2 , Mαβ(kα, kβ) =
∑
S,T

∫
d3pK(ST )

αβ (p)Nαβ(kα, kβ , p)

K(ST )
αβ ⇒ Structure part Nαβ ⇒ Reaction part

Distortion factor Nαβ = δ
(
p− (kα − kβ)

)
= δ
(
p− qαβ

)
⇒ Plane Wave (PWBA)

Factorization at low qαβ ⇒ β-decay
Nuclear Matrix Elements (NME)

[Lenske H. et al., Phys. Rev. C (2018), submitted]

Burrello S., Bellone J. I., Colonna M., Lay J. A., Lenske H. Understanding isovector channel through charge-exchange



Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

Isovector channel of nuclear interaction
Heavy ion charge-exchange reactions and NUMEN project

Single CEX (SCEX) reactions with heavy ions

Direct reaction ⇒ Distorted Wave Born Approximation (DWBA)

Single CEX A(a, b)B cross section (c.s.) (α ≡ initial, β ≡ �nal, Ĵ ≡
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Double CEX and NUMEN project at LNS

Second order CEX reactions: double charge-exchange (DCEX) reactions

Double SCEX (dSCE)

2ν2β-�like�

Majorana DCEX (mDCE)

0ν2β-�like�

Missing theory for reaction mechanism ⇒ renewed experimental interest

double CEX ⇔ neutrino-less 2β (0ν2β) decay ⇒ NUMEN project @LNS

[Cappuzzello, F. et al., EPJ A51 (2015)]

40Ca(18O, 18Ne)40Ar @ 15 AMeV

116Cd(20Ne, 20O)116Sn @ 15 AMeV
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First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

dSCE vs mDCE: di�raction pattern and distortion

Optical potential ⇒ double-folding integrals

Upt(r) =

∫
drt

∫
drpρt(rt)ρp(rp)VNN(r + rt − rp)

Analytical Form Factors (FF): FL(r) ∝
(
∂U
∂r

)
dSCE vs mDCE: - same θ distribution
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Preliminary results: single CEX vs transfer

Isolate CEX from exp. cross section

⇒ description of competing processes

116 Sn 117 Sn 118 Sn
115 In 116 In 117 In
114 Cd 115 Cd 116 Cd

116 Sn 117 Sn 118 Sn
115 In 116 In 117 In
114 Cd 115 Cd 116 Cd

Transfer sensitive to N-nucleus mean-�eld potential ⇒ no probe for F and GT

Structure inputs: QRPA form factors (FF) [in coll. with H. Lenske]

shell model spectroscopic amplitudes [from J. Lubian and J. Ferreira]

SCEX vs transfer for heavy ions: importance of coherent interference
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First exploratory steps: unit cross section

Optical potential ⇒ double-folding integrals

Love & Franey VNN interaction

Hartree-Fock-Bogoliubov density pro�les

Upt(r) =

∫
drt

∫
drpρt(rt)ρp(rp)VNN(r + rt − rp)

Analytical Form Factors (FF)

FL(r) = J0 NL

(
∂U

∂r

)
,

1

NL
=

∫
dr r2

( r

R

)L (∂U
∂r

)
DCEX c.s. with schematic FF:

Single state dominance

⇒ dSCE ∼ [FF (q)]2

Closure approximation

⇒ mDCE ∼ 〈k ′|FF 2 |k〉
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Microscopic form factors: QRPA calculations

Realistic calculations: microscopic FF from QRPA (with HIDEX code)

Di�cult to isolate contributions for each state

Excitation energies do not match experimental ones

Main contributions at larger values of E

Sl (E) =

∫
drr2 (δρl (r ,E))2 δρl (r ,E) ≡ QRPA transition densities
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SCEX reaction 116Cd (20Ne,20F)116In: results
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Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

Competing channels: two-nucleon (2N) transfers

Isolate CEX contribution from cross section

⇒ description of competing processes (2N-transfer)

Transfer sensitive to N-nucleus mean-�eld potential

⇒ no probe of VNN responsible for F and GT response

SCEX vs transfer for intermediate mass nuclei:

Direct process dominant at energy E∼100 AMeV

Important contribution of both at intermediate E

QUESTION

What is the role of transfer processes at

intermediate E for heavier colliding systems?

[Lenske H., Wolter H.H., Bohlen H.G., PRL62 (1989).]
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114 Cd 115 Cd 116 Cd

SCEX vs transfer for intermediate mass nuclei:

Direct process dominant at energy E∼100 AMeV

Important contribution of both at intermediate E

QUESTION

What is the role of transfer processes at

intermediate E for heavier colliding systems?

[Lenske H., Wolter H.H., Bohlen H.G., PRL62 (1989).]
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Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

Post/prior representation and non-orthogonality

Preliminary tests ⇒ DWBA calculations (FRESCO code)

Structure ingredients: overlap functions

〈116Cd |115Cd〉, 〈116Cd |117In〉, 〈20Ne|21Ne〉, . . .

116 Sn 117 Sn 118 Sn
115 In 116 In 117 In
114 Cd 115 Cd 116 Cd

Overlaps≈ product of single particle wave functions and spectroscopic amplitudes

Shell Model (SM) with zbm and glekpn interactions (NuShellX code)

[in coll. with Ferreira J., Lubian J.]

Lack of consistency ⇒ overlap within
the same structure calculations of

CEX (in future!)

Check dependence on SM model space

of valence orbits

Post-post, prior-post, prior-prior
equivalence only when including

non-orthogonality (NO) terms
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Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

Perspectives and outlooks: towards DCEX
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Accurate evaluation of NO

⇒ work in progress

4th order processes:

No implementation yet of NO
Exp. c.s. reproduced for 2n/2p
transfer (sim + seq)

⇒ Good performances of FRESCO
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Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

The Schrödinger Equation

O
18

O
16

Ca
40

R

R

rr

core−core

i

1 2

Ca
40R core−coreO

16

Rk

r2r1

Ca
42

A+ b → a+ B

Set of Coupled Equations:

〈φj |H − E |φj〉ψj(Rj) +
∑
i 6=j

〈φj |H − E |φi 〉ψi (Ri ) = 0

Distorted Wave:

〈φj |H − E |φj〉χj(Rj) = 0

Plane Wave:

〈φj |K − E |φj〉e−i
~k· ~Rj (Rj) = 0
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Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

Distorted Wave Born Approximation

1. i→j→k:

〈φi |H − E |φi 〉χi (Ri ) ≈ 0
〈φj |H − E |φj〉ψj(Rj) ≈ −〈φj |H − E |φi 〉χi (Ri )
〈φk |H − E |φk〉ψk(Rk) ≈
−〈φk |H − E |φi 〉χi (Ri )− 〈φk |H − E |φj〉ψj(Rj)

2. Tki amplitudes:

T
(1)
ki = 〈χ(−)

k φk |H − E |φiχ
(+)
i 〉

T
(2)
ki = 〈χ(−)

k φk |H − E |φjψ
(+)
j 〉

T
(2)
ki = 〈χ(−)

k |〈φk |H − E |φj〉G
(+)
j 〈φj |H − E |φi 〉|χ

(+)
i 〉

Burrello S., Bellone J. I., Colonna M., Lay J. A., Lenske H. Understanding isovector channel through charge-exchange



Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

The Hamiltonian

O
18

O
16

Ca
40

R

R

rr

core−core

i

1 2

Ca
40R core−coreO

16

Rk

r2r1

Ca
42

A+ b → a+ B

Prior

H = K + Vcore−core + V1(r1) + V2(r2)

= K + UAb(Ri )+

+Vcore−core(Rcc)− UAb(Ri ) + V1B(r1B) + V2B(r2B)

= H(Ri ) + V

Post

H = K + Vcore−core + V1(r1) + V2(r2)

= K + UaB(Rk)+

+Vcore−core(Rcc)− UaB(Rk) + V1A(r1A) + V2A(r2A)

= H(Rk) + V
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Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

Prior vs. Post

O
18

O
16

Ca
40

R

R

rr

core−core

i

1 2

Ca
40R core−coreO

16

Rk

r2r1

Ca
42

Evaluating the previous brakets:
〈φj |H − E |φj〉 = Hj − Ej ; 〈φj |H − E |φi 〉 =

prior

= 〈φj |Vi |φi 〉+ 〈φj |φi 〉[Hi −Ei ]

= V prior
ji + Kji [Hi − Ei ]

[Hi − Ei ]χ(Ri ) = 0

post

= 〈φj |Vj |φi 〉+[Hj −Ej ]〈φj |φi 〉

= V post
ji + [Hj − Ej ]Kji

Kji = 〈φj |φi 〉
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Isospin transitions: nuclear response and symmetry energy
Double charge-exchange reactions and double beta decay

First exploratory steps: one-step and two-step process
Role of competing mechanisms: transfer channels

! Prior/Post and NO

T
(1)
ki = 〈χ(−)

k φk |H − E |φiχ
(+)
i 〉

prior

T
(1)
ki = 〈χ(−)

k |V
prior
ki + Kki [Hi − Ei ]|χ

(+)
i 〉

T
(1)
ki = 〈χ(−)

k |V
prior
ki |χ(+)

i 〉

post

T
(1)
ki = 〈χ(−)

k |V
post
ki + [Hk − Ek ]Kki |χ

(+)
i 〉

T
(1)
ki = 〈χ(−)

k |V
post
ki |χ

(+)
i 〉

!! Prior and post give the same in 1st order if converged
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! Prior/Post and NO

T
(2)
ki = 〈χ(−)

k |〈φk |H − E |φj〉G
(+)
j 〈φj |H − E |φi 〉|χ

(+)
i 〉

prior-prior

T
(2)
ki = 〈χ(−)

k |(V
prior
kj +Kkj [Hj−Ej ])Gj(V

prior
ji +Kji [Hi−Ei ])|χ

(+)
i 〉 =

= 〈χ(−)
k |V

prior
kj GjV

prior
ji |χ(+)

i 〉+ 〈χ
(−)
k |Kkj [Hj − Ej ]GjV

prior
ji |χ(+)

i 〉

prior-post

T
(2)
ki = 〈χ(−)

k |(V
post
kj +[Hk−Ek ]Kkj)Gj(V

prior
ji +Kji [Hi−Ei ])|χ

(+)
i 〉 =

= 〈χ(−)
k |V

post
kj GjV

prior
ji |χ(+)

i (Ri )〉+ 0

!! Prior-post has zero NO term
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T
(2)
ki = 〈χ(−)

k |〈φk |H − E |φj〉G
(+)
j 〈φj |H − E |φi 〉|χ

(+)
i 〉

post-post

T
(2)
ki = 〈χ(−)

k |(V
post
kj +[Hk−Ek ]Kkj)Gj(V

post
ji +[Hj−Ej ]Kji )|χ

(+)
i 〉 =

= 〈χ(−)
k |V

post
kj GjV

post
ji |χ(+)

i (Ri )〉+ 〈χ
(−)
k |V

post
kj Gj [Hj − Ej ]Kji |χ

(+)
i 〉

post-prior

T
(2)
ki = 〈χ(−)

k |(V
prior
kj +Kkj [Hj−Ej ])Gj(V

post
ji +[Hj−Ej ]Kji )|χ

(+)
i 〉 =

= 〈χ(−)
k |V

prior
kj GjV

post
ji |χ(+)

i (Ri )〉+〈χ
(−)
k |Kkj [Hj − Ej ]GjV

post
ji |χ(+)

i 〉
+〈χ(−)

k |V
prior
kj Gj [Hj − Ej ]Kji |χ

(+)
i 〉+

+〈χ(−)
k |Kkj [Hj − Ej ]Gj [Hj − Ej ]Kji |χ

(+)
i 〉
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First exploratory steps: one-step and two-step process
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! Post-post and prior-prior in a full bases

T
(2)
ki = 〈χ(−)

k |〈φk |H − E |φj〉G
(+)
j 〈φj |H − E |φi 〉|χ

(+)
i 〉

In the limit ε→ 0
G

(+)
j 〈φj |(H− E ) = G

(+)
j 〈φj |V − 〈φj |

TNO,post−post
ki = −〈χ(−)

k φk |V post |φj〉〈φj |φiχ
(+)
i 〉

If
∑
|φj〉〈φj | ≈ I

TNO,post−post
ki = −T (1,post)

ki

And same for prior-prior
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