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Energy Loss of (heavy) 
charged particles by 

atomic collision
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Energy Loss
 Charge ze, velocity v, mass M, Impact parameter b 

 Momentum Transfer 

 Electron obtains energy as  
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Consider a charged particle with a charge ze, velocity v, and mass M interacting with an atomic electron at distance at b.



 Consider a bulk of electrons 

 Number of electrons  

Energy loss becomes
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Energy Loss (cont.)
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bmin : head-on collision

bmax : adiabatic invariance

Bohr’s Formula

F · ⌧ = �P τ: Period of bound electron’s     
      orbital motion
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http://pdg.lbl.gov
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Bethe Equation

K = 4⇡NAr
2
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2 = 0.307075 MeV mol

�1
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re = e2/(4⇡✏0mec
2) = 2.8179403267(27)fm

하전 입자가 물질을 통과하면서, Inelastic collision에 의하여 에너지를 잃어 버리는 과정을 설명하는 방정식은 다음과 같은 Bethe Equation으로 표현된다.  아



Mean Excitation Energy

7

ICRU : International Commission of Radiation Units & Measurements

I : average excitation potential of atoms

Bloch’s law : I = 10*Z


실제로 에너지를 전달한다는 것은 물질의 원자의 excitation energy에 관련하는 것이 되고, 초기의 실험에서는 이 Stopping power를 

측정하는 실험이 많이 이루어졌으며, 이 결과로부터, 원자의 평균적인 Excitation potential 즉 mean excitation energy를 유도해 낸다.


먼저는 I/Z=10 Bloch’s law 라고 하는 데, 내 눈으로 확인한 것이 아니라 불안함. 이 relation이 LOW-Z material에서 벗어나고, 이 

correction을 Barkas correction. second-order correction이 Bloch임.



foot notes8http://pdg.lbl.gov/2016/AtomicNuclearProperties/



foot notes9http://pdg.lbl.gov/2016/AtomicNuclearProperties/
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Bethe Equation

  charge square of incident particle ( z2) 

  charge of matter (Z) 

  Inverse of mass of matter (1/A) 

  Unit of MeV・cm2/g 

일반적인 방정식에서와 같이, 하나의 sacle을 나타내주는 Constant K로 표현하고 있고, 단위 길이당 평균적으로 잃어 버리는 에너지는 입사하는 입자의 전하의 
제곱과 물질의 전하 Z 에 비레하는 값이 됨을 알 수 있습니다. 물질의 Mass Number에 반비례하는 표현으로 나타나고 있는 데, 이는 이 표현식이 MeV・cm＾
２/g의 단위를 갖게 함으로써, 좀 더 보편적인 표현식이 되도록 한 것입니다.
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Cecil F. Powell Nobel Lecture 1950



12

Bethe Equation

  charge square of incident particle ( z2) 

  charge of matter (Z) 

  Inverse of mass of matter (1/A) 

  Mixture of different dependence on the velocity (𝞫) 

  Maximum energy transfer in a single collision 
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이 그림에서 보는 바와 같이,  넓은 영역에 있어서, Mass stopping power는 Mass number로 normalize한 energy loss식으로 나타낼 수 있게 되는 것입니
다.이 그림에서보면  beta・gamma가 3에서 3.5사이의 영역에서 가장 작은 값을 갖게 되는 데, 이 운동량을 갖는 입자를 minimum Ionizing particle이라고 
합니다. 이 값이 beat・gamma가 갖은 값을 갖는 것이 되니까,입사하는 입자의 운동량은 질량에 따라서 큰 차이를 나타내게 되는 데….가령 muon의 경우에
는 약 400 MeV/c의 운동량을 갖는 경우가 MIP이 되지만, proton의 경우가 되면 약 3GeV/c의 운동량을 갖는 경우가 MIP가 된다. 

실제 실험실에서 Cosmic muon (엄밀히 말하면 각 지점에 따라서 약간의 차이가 있고 (대기중에서 만들어 져서 실험실까지 들어오니까….) 

(여러분의 실험실에 들어오는 Cosmic muon의 energy spectrum을 재보는 것도 재미있는 놀이가 될 지도 모르겠네요…..).

에너지 분포를 갖고 있으니까, 이 cosmic muon을 MIP이라고 하는 것은 약간은 다른 의미가 되겠지만, 300 MeV/c을 넘어서면 그다지 크게 변하지 

않기때문에, 광범위한 의미에서 Cosmic muon을 MIP으로 취급하고, cosmic muon이 남기는 에너지를 하나의 값으로 나타내기도 합니다. 
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Bethe Eq.은 에너지 deposit의 평균값을 말해주는 것으로써, 실제 에너지 deposit의 분포에 
대한 이야기를 하지는 않는다. 물론, 이 분포는 에너지 deposit이 충분히 큰 경우에는 평균값을 
중심으로하는 gaussian 으로 나타나겠지만, 지금 이 그림에서 보는 바와같이 비대칭적인 분포
를 갖게된다.

MIP energy deposit

Plastic Scintillator (Polyvinyltoluene) t=1cm

400 MeV/c muon
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Polyvinyltoluene 

<Z/A> =0.54141 

λT = 57.3 g/cm2 

λI = 81.3 g/cm2 

Xo = 43.9 g/cm2 

dE/dx = 1.965 

                    MeV・cm2/g 

𝞺 = 1.03 g/cm3
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In case of 400 MeV/c muon entering the 
plastic scintillator

  

  <Z/A> =0.54141 

  𝞫 = 0.9668,  𝜷𝜸 = 3.7858   

  I =  64.7 eV 

 mec2 = 0.511 MeV  

 Wmax = 14.109 MeV

K = 0.307075 MeV · cm2
/mol
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Cosmic ray momentum spectrum @ KEK
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Relativistic increase
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Relativistic increase
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Particle Energy Deposit

Fig. 1. Comparison of the depth-dose distribution of photons
(conventionally used) and carbon ions. With photons the dose
decreases exponentially with increasing depth, i.e. the dose in the
target volume of deep-seated tumors is smaller than the dose
delivered to the healthy tissue around. Carbon ions dispose of an
inverse dose pro"le, i.e. the dose increases with increasing pen-
etration depth. This pro"le can be shifted by energy variation
over the target volume, leading to a much higher dose depos-
ition inside the tumor than outside in the healthy tissue.

cancer incidents every year in Germany can be
cured in the long run. These patients predomi-
nantly have a single solid tumor in the beginning
that could be removed through surgery or sterilized
through high radiation doses. However, also in this
group of patients almost 20% cannot be cured
permanently with conventional therapy because the
tumor can neither be removed completely nor be
radiated with a su$ciently high dose. In principle, it
is possible to sterilize any tissue in the body if a su$-
cient radiation dose can be applied. In the radi-
ological practice the maximum dose is always
limited by the tolerance of the healthy tissue around.

Therefore, it has always been the goal through-
out the 100 years of radiation therapy to increase
the precision of the irradiation in order the concen-
trate the dose in the target volume and to reduce
the dose in the healthy tissue or distribute this
inevitable dose over a larger tissue area. Using
variable collimators like multi-leaf collimators and
intensity-modulated Bremsstrahlung from linear
electron accelerators, radiation therapy in the last
years has reached a signi"cantly better dose distri-
bution and in consequence improved clinical
results. However, a further increase in precision and
biological action is only possible with the use of
particle beams as was postulated by Wilson [1] in
1946. Yet, ion beam therapy got started rather
slowly at Berkeley where the "rst patients were
treated with protons in 1954, with helium in 1957
and with heavy ions }mostly neon } in 1975. From
there, ion beam treatment spread all over the world
and until today more than 20 000 patients have
been treated successfully }mostly with protons [2].
Four hundred and thirty patients have been treated
with neon ions at Berkeley and another 400 with
carbon, almost all of them at NIRS; Chiba, Japan.
Harvard University played a pioneering role in the
development of proton therapy, treating nearly
one-third of all patients, while Loma Linda later on
installed the "rst dedicated medical therapy center
where today 1000 patients a year can be treated.

2. The physical basis

At high energies, heavy-charged particles like
carbon ions interact very weakly with the pen-

etrated tissue. Thus, in the beginning the energy
loss is small and the dose is low. At the end of the
particle range the interactions becomes stronger
and the energy loss increases steeply. This en-
hanced interaction has two signi"cant conse-
quences for particle therapy: First, a better dose
pro"le and second the increased relative biological
e$ciency inside the target volume [3].

Compared to photons, particle beams show an
inverse dose pro"le: with increasing penetration
depth the dose increases up to a sharp maximum.
Beyond this so-called Bragg maximum the dose
decreases within a few millimeters to a small value
which consists of nuclear fragments of the carbon
beam. Through energy variation the dose max-
imum can be shifted over the depth of the target
volume. Today, in most of the particle therapies
} predominantly proton therapies } the necessary

2 G. Kraft / Nuclear Instruments and Methods in Physics Research A 454 (2000) 1}10

βγ > 3.5:

βγ < 3.5:

Applications:

Tumor therapy

Possibility to precisely deposit dose 
at well defined depth by Ebeam variation

[see Journal Club]
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Straggling 
-Landau Distribution-
For a small energy loss, prob. of fluctuations 

Let unknown function f(x,Δ) 
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두께 x의 매질을 통과하는 하전 입자가 delta~delta+ddelta사이릐 에너지를 남길 확률을 f(x, D)라고 하자. 이 unknown 함수가 어떤 분포를 갖
는 가를 계산한 사람이 Landau인데, Laplace transform을 포함하는 수학적 계산 과정은 그냥 믿기로 한다면, 

함수 f를 다음과 같이 얻게되고, 확률함수 ㅈ를 제한된 과정에서 앞에서 얻은 에너지 loss를 주고, 이 값을 무한대까지 적분함으로써 

얻을 수 있다는 것을 보여줍니다.   



Straggling 
-Landau Distribution-

With a variable
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단위계를 거리에거 에너지 xi로 변환하면, probability function을 변수 lambda의 변수를 갖는 함수로 표현할 수 있고, 이 확률 함수가 최대가 되는 조건은

이와 같이 되고, 이 값을 most probable value라고 함. 이 함수는 이와 같이 주어지고, 이러한 분포를 Landau distribution이라고 함. 
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-Landau Distribution-
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단위계를 거리에거 에너지 xi로 변환하면, probability function을 변수 lambda의 변수를 갖는 함수로 표현할 수 있고, 이 확률 함수가 최대가 되는 조건은

이와 같이 되고, 이 값을 most probable value라고 함. 이 함수는 이와 같이 주어지고, 이러한 분포를 Landau distribution이라고 함. 
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Energy Loss of e±



Energy loss of e±
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Energy loss of e±



Bremsstrahlung
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Energy loss of e±



foot notes

Critical energy (Ec)
Energy at which a electron losses its energy as 
same amount by bremsstrahlung and ionization. 

Energy at which the ionization loss per Xo is 
equal to the electron energy.
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foot notes

Cherenkov radiation
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In 1934, P.A. Cherenkov observe new type of luminescence 

irradiating gamma rays into uranyl salt. 

Originated by charged particle 

Not to be radiative origin 

Observed at a certain angle along particle direction

2.3   Cherenkov  Radiation

A charged particle that moves in a dielectric medium with a velocity v > c/n, 
i.e. has a velocity above the speed of light in this medium, emits a characteristic 
radiation, called Cherenkov radiation 

1934 experimental discovery, P. Cherenkov
1937 theoretical explanation by  Frank and Tamm

Æ additional energy loss term: 

The energy loss contributions due to Cherenkov radiation are small,
small correction of the order of percent to the ionization energy loss: 

ion Brems CH

dE dE dE dE
dx dx dx dx

− = + +

Ursprung der Strahlung:      Polarisation des Mediums

cv n< cv n>

Teilchen polarisiert das Medium
vPol = c/n > v
→ symmetrisch in Vorwärts- u.

Rückwartsrichtung
→ kein resultierendes Dipolmoment

• Atome hinter dem Teilchen bleiben
polarisiert

• keine Polarisation in Vorwärtsrichtung
→ resultierendes Dipolmoment am

Ort des Teilchens
→ Strahlung
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e,µ,𝜋,K,p
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Principle of  experiment

Signature of  KL→π0νν = 2γ+nothing
Calorimeter + Hermetic veto detectors

6OK T
ν

νs

d

KAON13 @ Univ. of Michigan Ann Arbor

Principle
• KL pencil beam
• 2γ + nothing

• Calorimeter + Hermetic veto

3

FB NCC MB CV
CsI calorimeter

CC03OEV

CC04 CC05 CC06 BHCV BHPV

LCVBCVHINEMOS

Saturday, April 20, 2013
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Vacuum chamber
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Sweeping magnet and collimator
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dE/dx and Particle Identification

Measured

energy loss
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Bethe-Bloch

[ALICE TPC, 2009]

Remember:
dE/dx depends on β!



foot notes40Katharina Müller  autumn 14 1

Transition radiation (TRD)
Charged particle passes through materials with di�erent dielectric properties

→ particle forms dipole with the mirror charge

→ dipole changes with time 

→ radiation

● radiated energy W proportional to the energy of particle!

● with ω
p
 Plasma frequency   

● only important for highly relativistic particles

                                  
● energy: keV (x-rays)

●  θ ∝ 1/γ : emission in very forward direction

● probability for photon emission very small → many transitions (foils with gaps) 

● # photons <N> ~ W / hν ~ O (α)=1/137  α :ne structure constant
● energy loss due to TRD negligible for single transition
● important for particle ID at high energies, other e�ects used for PID ∝ β (β≃1)

   Review article: B. Dolgoshein; NIM A 326 (1993) 434

+ -
charged part.             mirror charge

Air (Vacuum)            Dielectric medium

W =
1
3
ℏ p 

 p= N e e2

0 me

ℏ p=20eV

Energy spectrum for CH2 foil

keV!
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Interaction  of photons
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Interaction  of photons
Photoelectric effect

Compton scattering

Rayleigh scattering

Photonucleear interaction

Pair creation



PMT
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Compton Scattering
Y
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Pair Production

for h𝛎 > 2mec2

e+

e-

  σpair =4Z2αre2[7/9{ln(183Z-1/3)-f(Z)}-1/54] 

I = I0e
�t/�

X0 =
A

4↵NAZ2r2e ln
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Z1/3

⇠ (
A

NA
)
7

9
X0



foot notes48

Mass of hyperons are measured by range in 
the emulsion

expected as 684 (5) 


