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Abstract. We report on a first NLO computation of photon production in p+A collisions
at collider energies within the Color Glass Condensate framework, significantly extend-
ing previous LO results. At central rapidites, our result is the dominant contribution and
probes multi-gluon correlators in nuclei. At high photon momenta, the result is directly
sensitive to the nuclear gluon distribution. The NLO result contains two classes of pro-
cesses, the annihilation process and the process with qq̄ pair together with a photon in the
final state. Using the McLerran-Venugopalan model, we show full numerical results for
the photon spectrum coming from the annihilation process.

1 Introduction

Nuclei at high energies are governed by the dynamics of saturated gluons described within the Color
Glass Condensate (CGC) effective theory [1–3]. The CGC introduces a new dynamical scale, called
the saturation scale Qs, characterizing gluon correlations in nuclei with k⊥ . Qs. The CGC description
should well describe the physics already at the energy reach of the RHIC and the LHC, where typically
x ∼ 10−2 and x ∼ 10−3 at central rapidity is expected, respectively. Anticipating new experimental
results on photon spectrum in p+A collisions from RHIC and LHC we aim at a detailed theoretical
description that would help constrain fundamental multi-gluon correlators as predicted by the CGC.

The LO contribution for photon production is valence quark bremsstrahlung (see leftmost diagram
in Fig. 1). The CGC result for the O(αe) cross section was calculated by Gelis and Jalilian-Marian
in [4] through which the photon spectrum becomes sensitive to the two-point gluon correlator of the
nucleus. This is a good description for central rapidities at low energies or, alternatively, in forward
kinematics, where the valence quarks dominate the proton wave function. When the center of mass
energy is increased, the gluon component of the proton contributes significantly to photon production
in the central rapidity region.

Working within the dilute-dense approximation, appropriate for the p+A kinematics, we inves-
tigate NLO processes with a gluon in place of the valence quark being emitted from the proton. In
Fig. 1 (middle and right) the gluon emits a quark-antiquark pair. The pair either annihilates back to a
photon (class II process) or goes to the final state (class III process). The class II process was calcu-
lated in [5], while the class III process was calculated in [6]. The inclusive rate in both cases is of the
order O(ααs). To compare with valence quark bremsstrahlung we must multiply with the respective
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Figure 1. Leftmost diagram belongs to the leading order contribution giving the rate of O(α). The middle (class
II) and the rightmost (class III) processes are typical examples of next-to-leading order contributions resulting in
rates of O(ααs).

distribution functions for quarks fq and for gluons fg inside the proton. We consider the high energy
regime where the new processes become dominant as fq � αs fg.

2 Calculation of the diagrams

We solve the classical Yang-Mills equations with the dilute-dense approximation for the color sources
of the proton ρp and of the nucleus ρA: ρp � ρA. This allows for a systematic computation of the
gluon field in powers of ρp [7, 8]. We denote the resulting O(ρ0,1

p ) gluon field as Aµ
(0,1)(x). In the

A+ = 0 gauge the field of the nucleus alone,Aµ
(0), is

A
µ
(0)(x) = −gδµ−δ(x+)

1
∂2
⊥

ρA(x⊥) . (1)

The fieldAµ
(1) is given in Fourier space as [8, 9]

A
µ
(1)(q) =

ig δµiqi
⊥

(q+ + iε)(q− − iε)
ρp(q⊥)

q2
⊥

+
ig

q2 + iq+ε

∫
k1⊥

∫
x⊥

ei(q⊥−k1⊥)·x⊥ Cµ(q, k1⊥) U(x⊥)
ρp(k1⊥)

k2
1⊥

, (2)

where

C+(q, k1⊥) = 0 , C−(q, k1⊥) =
−2k1⊥ · (q⊥ − k1⊥)

q+ + iε
, C⊥(q; k1⊥) =

q⊥ k2
1⊥

(q+ + iε)(q− + iε)
−2k1⊥ , (3)

and U(x⊥) is the Wilson line withAµ
(0) in the adjoint representation

U(x⊥) = P+ exp
[
ig

∫ ∞

−∞

dz+A−(0)(z
+, x⊥) · T

]
. (4)

The quark propagator S (0)(x, y) is given by the Dirac equation in theAµ
(0) background [10] as

S (0)(x, y) ≡ S F(x − y) + iθ(x+)θ(−y+)
∫

z
δ(z+)

[
Ũ(z⊥) − 1

]
S F(x − z)γ+S F(z − y)

− iθ(−x+)θ(y+)
∫

z
δ(z+)

[
Ũ†(z⊥) − 1

]
S F(x − z)γ+S F(z − y) , (5)
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where Ũ(x⊥) is the Wilson line in the fundamental representation, that is, with the fundamental gen-
erators ta, replacing the adjoint ones T a in Eq. (4).

The LSZ formula for the class II process with a single flavor of charge e in the quark loop is

Mλ(kγ) = eg
∫

xy
e−ikγ ·xTr[/ελ(kγ)S (0)(x, y) /A(1)(y)S (0)(y, x)] , (6)

where kγ is the photon momentum. We have checked that (6) satisfies the photon Ward identity. To
calculate the rate we square the amplitude and perform a color average over the sources. The result
can be summarized as [5]

dN
d2 kγ⊥dηkγ

=
αe αs

16π8

Nc

N2
c − 1

∫ 1

0
dx dx′

∫
y⊥y

′
⊥ z⊥ z′⊥

eikγ⊥·r⊥S (y⊥, z⊥, y′⊥, z′⊥)

×

∫
k1⊥

eik1⊥·r⊥ϕp(k1⊥)
[
( ẑ⊥ − ŷ⊥) · ( ẑ′⊥ − ŷ

′
⊥)Ψ1Ψ′∗1 + Ψ2Ψ′∗2 + 2( ẑ⊥ − ŷ⊥) · k̂1⊥Ψ1Ψ′∗2

]
. (7)

where
S (y⊥, z⊥, y′⊥, z′⊥) ≡

1
Nc

〈
Trc

[
Ũ

(
y⊥

)
T a

FŨ† (z⊥)
]

Trc

[
Ũ

(
z′⊥

)
T a

FŨ†
(
y′⊥

)]〉
, (8)

ϕp(k1⊥) is the unintegrated gluon distribution in the proton, r⊥ = (1− x)y⊥ + xz⊥ − (1− x′)y′⊥ − x′ z′⊥.
The quantities Ψ1,2 and Ψ′1,2 are functions of all the integration variables, and detailed expression are
to be found in [5].

We have expanded the Wilson lines to recover the perturbative calculation. We have found that
the O(ρpρA) contribution vanishes as it should by charge conjugation. The lowest order non-vanishing
contribution is O(ρpρ

2
A). We have explicitly checked that this is UV finite as it should by gauge

invariance. Taking the zero quark mass limit is completely safe in this amplitude as there are no
collinear singularities. Finally, we have checked that the term in the last line of Eq. (7) has a well
defined k1⊥ → 0 limit so that our result can be brought in a collinear factorized form on the proton
side.

Turning to the class III process, in addition to the photon, the final state contains a quark with
momentum q and a antiquark with momentum p. The LSZ formula for the amplitude is

Mλ(kγ, q, p) = ieg
∫

xyz
e−ikγ ·x−iq·y−ip·zū(q)(i~/∂y − m)

[
S (0)(y, w) /A(1)(w)S (0)(w, x)/ελ(kγ)S (0)(x, z)

+ S (0)(y, x)/ελ(kγ)S (0)(x, w) /A(1)(w)S (0)(w, z)
]
(i ~/∂z + m)v(p) . (9)

Inserting the quark propagator S (0)(x, y) and the gluon fieldAµ
(1)(x) we find [5]

Mλ(kγ, q, p) = −eg2
∫

k⊥k1⊥

∫
x⊥y⊥

ρa
p(k1⊥)

k2
1⊥

eik⊥·x⊥+i(kγ⊥+q⊥+p⊥−k⊥−k1⊥)·y⊥

× ū(q)ελµ(kγ)
{
T µ
g (k1⊥)U(x⊥)batb + T µ

qq̄(k⊥, k1⊥)Ũ(x⊥)taŨ†(y⊥)
}
v(p) . (10)

where the explicit expressions for the functions T µ
g (k1⊥) and T µ

qq̄(k⊥, k1⊥) can be found in [5]. We
have checked that (10) satisfies the photon Ward identity and also that the leading twist result satisfies
the gluon Ward identities. In general, the result for the amplitude is gauge dependent. We have
made the calculation in the A+ = 0 and also in the ∂µAµ = 0 gauge [6, 11]. Interestingly, after
some algebraic manipulation, the two results for the amplitude, within this particular gauge choices,
become identical.
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The total cross section for q̄qγ production is found as [6]

dσ
d2 kγ⊥dηkγd2q⊥dηqd2 p⊥dηp

=
αeα

2
s

256π8CF

∫
k1⊥k2⊥

(2π)2δ(2)(kγ⊥ + q⊥ + p⊥ − k1⊥ − k2⊥)
ϕp(k1⊥)

k2
1⊥k2

2⊥

×

{∫
k⊥k′⊥

Tr[(/q + m)T µ
qq̄(k1⊥, k⊥)(m − /p)γ0T †qq̄µ(k1⊥, k′⊥)γ0]φqq̄,qq̄

A (k⊥, k2⊥ − k⊥; k′⊥, k2⊥ − k′⊥)

+

∫
k⊥

Tr[(/q + m)T µ
qq̄(k1⊥, k⊥)(m − /p)γ0T †gµ(k1⊥)γ0]φqq̄,g

A (k⊥, k2⊥ − k⊥; k2⊥) + h. c.

+ Tr[(/q + m)T µ
g (k1⊥)(m − /p)γ0T †gµ(k1⊥)γ0]φg,gA (k1⊥)

}
.

(11)

The cross section depends on three different generalized unintegrated gluon distribution functions of
the nucleus φqq̄,qq̄

A , φqq̄,g
A and φ

g,g
A . They correspond to different Wilson line correlators in the fun-

damental and in the adjoint representation identical to the ones found for qq̄ production [12]. The
inclusive photon production is found by integrating over the quark and antiquark phase space.

Expanding the Wilson lines we find a contribution at O(ρpρA) (leading twist). This is the k⊥-
factorized photon production as it would be obtained by a pQCD computation. Taking the collinear
limit on the proton (k1⊥ → 0) and on the nucleus (k2⊥ → 0) side, the result can be expressed in terms
of gluon distribution functions of the proton and the nucleus and the inclusive cross section is given
as

dσ
d2 kγ⊥dηkγ

=
1

16

∫ ∞

0

dq+

q+

dp+

p+

∫
q⊥ p⊥

(2π)2δ(2)(kγ⊥+ q⊥+ p⊥)xp fg,p(xp,Q2)xA fg,A(xA,Q2)|Mgg→qq̄γ|
2 .

(12)
From this result we get a clear relation between the photon spectrum and the gluon distribution in the
nuclei.

In the limit of kγ⊥ → 0 the amplitudeMgg→qq̄γ factorizes in accordance to the soft photon theorem
to a radiative part and the remaining, non-radiative part, responsible for qq̄ production. The radiative
part gives an infrared enhancement to the inclusive cross section as 1/k2

γ⊥.

3 Numerical results

Here we discuss the numerical computation of the class II process. The general analytical expression
(7) is valid for a single massive quark flavor. For simplicity we will take the limit of zero quark mass.

The respective Wilson line correlator occurring in the class II process is referred to in the litera-
ture as the inelastic quadrupole [13]. Interestingly, within the large Nc approximation, the inelastic
quadrupole does not factorize. This means that in principle one must handle a simultaneous integra-
tion over all the coordinates of the quadrupole.

For the numerical calculations we assume the case of a large nucleus, that is A � 1, in which case
approximate translational invariance in the transverse plane holds. This turns one transverse plane
integration into a volume factor πR2

A, where RA is the nuclear radii. For the calculation of the inelastic
quadrupole we use the McLerran Venugopalan model 〈ρa

A(x⊥)ρb
A(y⊥)〉 ≡ g2δabµ2

Aδ
(2)(x⊥−y⊥) [14–16].

The saturation scale in the MV model is defined as

Q2
s ≡

N2
c − 1
4Nc

g4µ2
A . (13)
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Figure 2. Photon spectrum from the class II diagram. The results are shown for a single quark flavor and in the
chiral limit.

Finally, we determine ϕp(k1⊥) from the MV model for the proton as k2
1⊥ϕp(k1⊥) = π(N2

c −1)g4µ2
pπR2

p.
The numerical integration is optimized through a combination of the MISER Monte Carlo al-

gorithm and a Quasi Discrete Hankel Transform algorithm, for details see [6]. The computation is
performed for two different values of the saturation scale Qs = 5ΛQCD and Qs = 10ΛQCD. The nu-
merical results for the transverse momentum spectrum of the photon is shown on Fig. 2, where we
factorize the transverse proton density fluctuation parameter as ng ≡ (N2

c − 1)g4µ2
p/(4Nc).

The parametrization of the soft part of the spectrum (up to kγ⊥ ∼ 2Qs) is possible by an exponential

as exp
(
−

√
k2
γ⊥ + (0.5Qs)2/0.5Qs

)
, while semi-hard part with kγ⊥ & 2Qs is well fitted by a power law

tail
(
log(kγ⊥/Qs)

)1.5
/k5.6

γ⊥. The thin lines on Fig. 2 are the exponential fit, while the thick lines are the
power law fit.

4 Conclusions

We have performed a detailed analytical calculation of NLO photon rates in p+A collisions. The NLO
photon rates probe multi-gluon correlations in the nuclei and as such substantiate and complement
related investigations using hadron production [12, 17–21]. Our results will allow a direct study of
the nuclear gluon distribution function, as well as the higher-twist corrections thereoff, in a systematic
way. Furthermore, they may help resolve an experimental puzzle [22] concerning the excess of soft
photons in comparison to the predictions by the Low-Burnett-Kroll soft photon theorem. Relative
to hadrons, photons are free from hadronization uncertainties and dedicated photon measurements
would go a long way towards exploring the physics of gluon saturation.
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